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My research is centered around topological methods in computer science. Topological methods have proven useful in
studying computational systems and other subjects within computer science. Order theory plays a fundamental role in logic
and is pertinent in modelling relative computational content of various states of computation. Topology generalises order
theory, allowing the incorporation of limiting behaviour to model unbounded iteration of computational loops.

During my career, I have studied applications of topology to multi-agent systems such as distributed and concurrent
computing, as well as the computational properties of rewrite systems. In these domains, algebraic and combinatorial ap-
proaches to topology are useful in modelling forbidden or inconsistent configurations in computational systems. Topology
not only provides insight into the structure of computations, but also has been instrumental in providing no-go results.

1. GLOBAL RESEARCH THEME: COMPUTATIONAL INVARIANTS VIA TOPOLOGY

My interest in the role of topology in computer science began during my doctorate, in which I described the algebraico-
topological properties of rewriting systems via novel algebraic techniques [9, 11, 6], and participated in the formalisation
of these structures in proof-assistants [14, 15], see Section 2. In parallel, I developed and refined topological and order-
theoretic approaches to concurrent computing [10, 8], which I explain in detail in Section 3. In both of these fields,
my work focussed on identifying obstructions in computational space using topological invariants. In the years since
my doctorate, I pursued these research directions [13, 12], but also, as explained in Section 4, applied my expertise in
topological approaches to multi-agent systems in the context of epistemic properties of distributed systems [7]. Below, I
provide a brief description of these domains and my contributions in each.

Rewriting systems. Rewriting systems constitute an abstract model of computation, widely used in algebra, logic and CS.
One of the fundamental questions rewriting adresses is the decidability of equivalence: given two freely generated terms
subject to an equivalence relation, is there an algorithm determining whether or not they are equivalent? This is known
as the word problem, and was first studied by Thue in 1914 [54] in the context of monoids presented by generators and
relations.

One of the goals of rewriting theory [2, 5] is to identify the properties of a system of calculation necessary to respond
to this question. The idea is to orient the equivalence relation in order to produce a directed system of computational steps
which reduce a given element to a normal form, i.e. a unique representative of its equivalence class. When such a reduction
is possible in a finite number of computational steps, we say that the rewrite system is convergent. When this property is
satisfied, the word problem is decidable: simply reduce elements to their normal forms and compare them.

The existence of a finite, convergent rewriting system thus provides a computational solution to the word problem.
This led to the converse question of universality in convergent rewriting: given a monoid, finitely presented by generators
and relations, does decidability of its word problem imply the existence of an associated convergent rewriting system? In
the 1990s, Squier answered this question in the negative [49] by exhibiting a topological invariant of finitely presented
monoids.

This algebraico-topological method has since been extended to categories [1], which can be thought of as multi-sorted
monoids. This allows these methods to be applied to a larger family of algebraic structures presented by generators and
relations [26, 32, 33]. In parallel, classic rewriting results were formulated and proved [17, 51] in Kleene algebras, which
generalise relational algebras and are widely used to describe computational properties [19, 40, 55]. My contributions
in this area unifies these two approaches, by introducing a formal, algebraic setting for proving topological invariants of
rewriting systems [9, 11]. From this, we developed a correspondence theory relating these structures to their categorical
counterparts [6, 12]. In parallel, I participated in the formalisation of these structures and their correspondences in the proof
assistant Isabelle [14, 15]. These contributions are further detailed in Section 2.

Concurrency. While rewriting theory examines computational properties in the presence of many local choices in calcu-
lation, concurrency theory tackles a similar question in the presence of simultaneous calculations. In a multi-agent system,
for example a multi-core processor or computer network, changes to the temporal order of events can affect the global state.
Managing the scheduling of events and identifying forbidden temporal configurations is central to concurrency theory.

A topological approach to this domain has been developed [23, 28], in which executions of such a system are repre-
sented as directed paths through a space of computational states. The geometric and topological properties of such spaces
of directed paths correspond to behavioural properties of the concurrent system. As in the case of rewriting systems,
topological invariants have been used to behaviourally classify such systems.

In 2017, invariants known as natural homology and homotopy had recently been introduced [20], the former being used
to establish bisimulations between concurrent systems [22]. However, these invariants did not capture important properties
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of the system, and, due to the state explosion problem in concurrent systems, are in general difficult to calculate. In
Section 3, I detail my work in this domain, firstly in refining invariants of directed spaces [8] and then in relating them to
more computationally tractable theories [10]. After my doctorate, I continued this research, relating such invariants to the
congruences of certain lattices by means of topological dualities [13].

Distributed computing. Distributed systems are examples of concurrent systems, in which several independent processes
attempt to coordinate via some means of communication in order to solve a task[refs]. In this domain, the focus is less
on questions of scheduling, but rather on tracking the possible epistemic states in each possible concurrent execution. A
fundamental result in distributed computing is that the consensus task, in which each machine starts with some value and
they must collectively decide on precisely one of these values, is not solvable in the presence of crash failures [25].

Once again, topological methods have shed light into this result, as well as other questions of task-solvability. By
organising local and global epistemic states into combinatorial objects with a geometric flavour called simplicial complexes,
Herlihy and Shavit characterised task-solvability for a model of distributed communication using topology, earning them
the 2004 Gödel prize for the Asynchronous Computability Theorem (ACT) [34].

However, their result only applies to one model of communication, while extensions to other models were proved
using case-by-case algorithmic simulations. Using topological duality and non-Hausdorff topologies, we have established
a novel approach to distributed task-solvability, thereby extending the scope of the ACT and providing many new avenues
of research in this domain [7].These contributions are further elaborated in Section 4.

2. COMPUTATIONAL COHERENCE, KLEENE ALGEBRAS AND CORRESPONDENCES
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2.1. Rewriting as computation. The coordinate-wise addition on N2 can be de-
scribed by considering the free words on the two letter alphabet {a, b}. Interpreting
a word w = an1bm1 · · ·ankbmk as the sum Σi(ni,mi), and considering the relation
ba = ab, we can reorganise w as w ′ = an1 · · ·ankbm1 · · ·bmk , which corresponds
to the coordinate-wise addition (Σini, Σimi). The word w ′ is the normal form ob-
tained by considering the directed relation generated by applying ba → ab to each
possible context in a given word. As shown on the right, this leads to several different
ways of calculating the output, but always leads to a unique answer.

A good system of calculation, given by a relation →, should provide a unique output, no matter how this output is
calculated. This property, called confluence, states that for all branchings, i.e. local choices in computation, there exists a
confluence leading to a common result. Denoting by ∗→ finite iterations of computational steps of→, and by← its inverse,
the for-all/exists condition of confluence can be expressed via an inclusion of relations: if x1 and x2 are related by the
branching relation ∗← · ∗→, where · denotes relational composition, then they are also related by the confluence relation
∗→ · ∗←. This inequality, along with its diagrammatic counterpart, are pictured below on the left. Local confluence is

similarly defined, but with one-step branchings← ·→.
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When a rewriting system is both confluent and terminating, i.e. a normal form is reached in
a finite number of steps, we say that it is convergent. In this case, equivalence can be decided by
comparing normal forms. Newman’s lemma and the Church-Rosser theorem, two central results
in rewriting, together imply that a locally confluent, terminating rewriting system is convergent.
In the presence of termination, this means we only need to check local confluence in order to
prove convergence.

2.2. Coherent calculation. Rewriting thus allows us to calculate on free algebraic objects
using directed rules. As we saw above, the rules themselves are often also generated by
the ambient algebraic structure. However, the fact that several calculations produce the

same outcome induces relations between the rewrite rules, meaning that they are not freely generated. This leads to
the domain of higher rewriting [1], in which these relations are considered as rewrite rules on computational paths.
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Interpreting confluence diagrams as holes in the space of rewriting paths led Squier to intro-
duce algebraico-topological invariants of rewriting systems [49] in order to address the problem of
universality, described in Section 1. Higher dimensional holes appear as confluence diagrams of
higher rules, leading to the so-called coherence theorem: if the original rules are convergent, then
every such hole, i.e. obstruction to free calculation, can be filled by some higher cell. As in the
classical case, higher rewriting also provides local-to-global results, stating that it suffices to fill
local confluences in order to fill every hole.

Mac Lane’s coherence theorem for monoidal categories [42, p. 257-260] is a corollary of this theorem, which has
also been applied, for instance, to give constructive proofs of coherence in complicated monoidal structures [32, 33],
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monoidal categories [29, 30] and even has applications in homotopy type theory [41]. This categorical approach reunites
all dimensions of rewriting: types, algebraic structure, relations and homological properties in any dimension. It also
has a strong topological flavour: a rewriting system is thought of as a higher-dimensional space in which holes represent
obstructions to free calculation.

As described above, rewriting was traditionally formalised in terms of algebras of binary relations: confluence prop-
erties are described by union, composition and iteration operations, which are generalised by Kleene algebras. A Kleene
algebra (K,+, · , (−)∗) is equipped with monoidal addition and multiplication operations, as well as the Kleene star, which
models unbounded finite iteration. Kleene algebras are known for their ability to capture complex computational prop-
erties by simple equational specifications and reasoning [19, 40, 53, 55] and their capacity to unify various semantics of
computational interest, including formal languages, binary relations, path algebras or execution traces of automata [37].
In [17, 51, 52], Struth showed that classical confluence results such as the Church-Rosser theorem or Newman’s lemma can
be proved in Kleene algebras augmented with modal operators.

2.3. Higher Kleene algebras. In short, while a formal, algebraic setting for confluence theorems had been developed [17,
51, 52], the approach to coherence theorems was expressed in the language of strict ω-categories [31]. During my doctor-
ate, myself, Malbos and Struth set out to combine the two lines of research on Kleene-algebraic and higher-dimensional
rewriting into a unified framework.
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To achieve this, we introduced higher Kleene algebras (HKA) [11], generalising both modal
Kleene algebras [18] and concurrent Kleene algebras [36]. In order to formulate and prove
the coherence theorem in this context, we had to describe the filling of confluence diagrams in
HKA. We achieved this using the modal operators 3(−) inherent to these structures, thereby
expressing the for-all/exists relationships between branchings and the associated confluences
and higher cells, as pictured on the right. These structures algebraically capture the semantics
of higher rewriting, providing a point-free, algebraic approach to coherence which lends itself
to formalisation due to the relatively simple algebraic signature. In [11], we introduced this
algebraic setting and proved coherent versions of Newman’s lemma and the Church-Rosser
theorem, i.e. purely algebraic proofs of these results using higher dimensional witnesses. We
then formulated and proved the coherence theorem for abstract rewriting systems in these higher
algebras using a novel characterisation of rewriting strategies [9].

2.4. A correspondence between categories and algebras. HKA were introduced to algebraically describe pasting schemes
in higher categories, but an a priori justification of this correspondence was lacking. During the course of the work de-
scribed above, we noticed that lifting categorical compositions to sets of higher cells resulted in models of HKA, i.e. that
the powerset of a higher category has the structure of an HKA. In the 1950s, powerset lifting of relational structures was
developed into a rich and powerful duality theory by Jónsson and Tarski [38, 39] for the purpose of obtaining concrete
representations of abstract Boolean algebras with additional operations (BAOs), prime examples of which are relational
and modal algebras. In fact, every modal algebra embeds in a canonical way in a powerset, with the modalities defined by
powerset liftings of relations. This is at the heart of the very powerful methods of Kripke semantics in modal logic, see
e.g. [4].

Using these ideas, we set out to provide a systematic construction of higher algebras and a justification of their axioms
relative to the underlying ω-categories. With Struth, Fahrenberg, Johansen and Ziemański [6], and then later with Malbos,
Pous and Struth [12], I studied extensions of the modal correspondences associated with Jónsson-Tarski duality in the
special case of ternary relations and binary modal operators. To apply the tools for these constructions, we generalised
from ω-categories to ω-catoids, which are isomorphic to ternary-relational structures, and specialised from HKA to ω-
quantales, whose multiplications we consider as binary modalities. Quantales are complete, distributive lattices equipped
with a multiplication operation which commutes with suprema, and constitute a special case of complete Kleene algebras.

This work began with the one dimensional case, in which we introduced catoids and related them to quantales [6],
and was later developed into a series of correspondence theorems between generalised categories, higher quantales and the
associated convolution algebras [12].

2.5. Formalisation. Alongside these results, we have formalised HKA, ω-quantales and ω-catoids in Isabelle, an interac-
tive theorem prover based on HOL. An added benefit was that it allowed us to experimentally tweak and reduce the axioms
we employed. We added this formalisation of the theory of (higher) quantales and catoids, as well as HKA, to the archive
of formal proofs [14, 15].

My role. During my doctorate, under the supervision of Goubault and Malbos, I collaborated closely with Struth on [11],
after which I characterised rewriting strategies and thereby proved the coherence theorem in HKA [9]. This was the basis
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of my contribution to [6] due to the strong links between my work relating Kleene algebras to categories, and the Jónnson-
Tarski correspondences studied by my co-authors. After my doctorate, the intuitions gained by studying this correspondence
in the context of higher dimensional structures led to my contribution in [12].

3. TOPOLOGICAL INVARIANTS OF DIRECTED SPACES
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3.1. Geometric semantics of concurrency. Researchers have, for almost
thirty years now, attempted to understand the semantics of concurrent pro-
grams via algebraic topology [23]. In concurrent programs, several processes
run in parallel, which increases computing power but can also lead to prob-
lematic scenarios. Indeed, since the processes share the same memory and
resources, conflicts can arise, for example when two processes attempt to use
the same resource simultaneously. One way of managing these problems is
through the use of mutexes, which block the action of certain threads while
another performs an action. The use of these may, however, also lead to un-
favourable situations such as deadlock.

In order to determine the behaviour of such programs, we interpret them
as topological spaces, augmented with a notion of direction capturing the tem-
poral order of executions. Pratt’s higher dimensional automata (HDA) [45]
provide a natural way to view concurrent programs as directed topological
spaces [28], given by a pair (X, dX), where X is a topological space and dX is
a set of directed paths, or dipaths. In this semantics, the possible executions,
or schedulings, of the concurrent program are interpreted as the directed paths
in the associated space.

The figure on the right corresponds to a two-agent concurrent system, each of which executes four actions. The com-
mand pa corresponds to “taking” the mutex a, while va corresponds to “letting it go”. An agent can hold several mutexes
at once, but each mutex can only be held by one agent at a time. Paths which increase in each coordinate going from the
bottom-left to the top-right of the space correspond to executions: for example, the path π in the figure corresponds to an
execution in which A takes the mutex a and then b, and then frees b, after which B takes b, A frees a, thereby allowing B
to take a and then release both mutexes. Any execution which enters the red zone is doomed, in the sense that it will end
with deadlock: A waiting for B to release b while B waits for A to release a. Forbidden temporal configurations appear
as holes in this space of executions, represented in the above example by the blue cross in the figure, since A cannot take a
mutex while B is holding it, and vice versa.

3.2. Directed algebraic topology. The goal of directed algebraic topology is to behaviourally distinguish concurrent
programs via topological invariants of directed spaces. Determining which dipaths can be continuously deformed from one
to the other allows us to conclude, in the above example, that there are essentially three types of executions: those in which
either A or B takes both mutexes first, or those that end in deadlock. These correspond to the paths which go above or
below the hole, or those which enter the red zone, respectively.

My work in this domain has mainly concerned the refinement and computation of natural homotopy and natural ho-
mology, introduced in [21]. These invariants of directed spaces track the existence of holes in the space of paths between
two given points as the points move throughout the space along permitted directions. This classifies the behaviour [22] of
the concurrent system in question by detecting forbidden temporal configurations, but also encodes how these obstructions
are related temporally.

3.3. Refinement and tractability of invariants. During my M2 internship, under the guidance of Eric Goubault, I solved
the problem of invariance under time-reversal [8], which was remarked by Hess and Fajstrup [24]: the natural homotopy
of a directed space was isomorphic to that of its time-reversal, i.e. the space in which all directed paths run in the opposite
direction. This is not desirable for an invariant of directed spaces, and I was able to correct this by considering composition
pairings, a notion coming from Porter’s study of natural systems augmented with the structure of lax functors [43]. This
extra structure tracks the order of events by linking products of homology or homotopy groups to the concatenation of
directed paths, thereby detecting time-reversal.

My contributions in this area are in the refinement and enrichment of the theory of natural homotopy and homology.
In [8], we showed that natural homology and natural homotopy can be equipped with composition pairings. Using this
extra structure, the invariants associated with a space are dual to those associated with its time-reversal. Therein, we
also developed a notion of relative natural homotopy and homology, obtaining a long exact sequence as in the classical
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case. This construction aids in the calculation of homotopy and homology groups of a given space by reducing to simpler
subspaces.

The natural homology of a directed space is in general hard to compute due to the multiplicity of possible extensions
of a given execution path. We approached this difficulty by studying links to the efficiently computable invariant known as
persistent homology, which was originally conceived as a tool for determining topological features of large, higher dimen-
sional data sets [16]. In the final year of my doctorate, Goubault and I established an explicit link between persistent and
directed homology theories [10], thereby making the first step toward the tractable computation of homological invariants
for directed spaces.

3.4. Binomial lattices. In my first post-doctoral position, I studied the congruences of binomial lattices and their continu-
ous counterparts with Luigi Santocanale, in particular their relation to invariants of directed topology.

b

a
abbab

Binomial lattices, and more generally, multinomial lattices, were introduced by
Bennet and Birkhoff [3] as lattice-theoretic descriptions of commutativity. Indeed,
given the set of words on {a, b} with n occurrences of a and m occurrences of b,
consider the rewrite relation w · ba · w ′ → w · ab · w ′. Its reflexive, transitive
closure results in an ordering on these words which has the structure of a lattice.
Multinomial lattices are defined similarly, and generalise permutohedra [44], i.e. the
permutations on a finite set equipped with the weak Bruhat order.

However, these lattices also have a concrete geometric interpretation as lattices
of certain directed paths [47], presenting a link to directed topology. Words are
interpreted as interleaving sequences of actions, each letter corresponding to an
agent. This means that elements of the lattice can be represented as dipaths in a

cubical complex, which can also be interpreted as higher dimensional automata (HDA). These were introduced by Pratt [45]
as a semantics for concurrent systems. For example, the HDA corresponding to the binomial lattice for n = 2 and m = 3
is pictured on the left, along with the dipath corresponding to the word abbab. The congruences of this lattice present
analogies with the notion of directed homotopy. Moreover, the associated equivalence relations are of general interest in
concurrency, since they correspond to sequences of actions that can be (discretely) deformed from one to the other via a
series of commuting actions, i.e. actions which are not separated by a hole in the associated HDA.

These lattices also admit continuous analogs, as described in [48]. In the two-dimensional case, these are given by
suprema-preserving endomorphisms of the ordered unit interval I, equipped with the point-wise order, called the dominance
order, and is denoted by Q∨(I). These continuous lattices and their higher dimensional analogs have strong connections
with Linear Logic (LL) [57], since functional composition equips them with the structure of Girard quantales [48].

3.5. Lattice quotients and directed homotopy. To sum up, strong connections had been conjectured between multino-
mial lattices, their continuous analogs and their congruences on the one hand, and directed topological spaces and their
algebraic invariants on the other. However, the scope of this correspondence had not been formally investigated.

Santocanale and I tackled the two-dimensional case, relating binomial lattice congruences and cubical directed hom-
topy. This was achieved by introducing certain cubical complexes called binomial complexes, which represent the discrete
grids the lattice paths live in. We also studied their continuous counterpart Q∨(I), relating its congruences to (directed)
topological properties of the unit square by using topological duality techniques such as Priestley duality [46] and frame
duality [50], which relate topological spaces and algebraic structures such as lattices.

Guided by my experience with cubical directed homotopy and Santocanale’s expertise in lattice theory, we established
a tight correspondence in the discrete, two-dimensional case. Indeed, the directed homotopy groups of the subcomplexes
of a binomial complex correspond exactly to the congruences of the associated binomial lattice [13]. This result establishes
interesting links between finite lattice theory, combinatorics, and concurrency theory. In the same article, we showed
that the dominance order on Q∨(I) can be characterised by a point-wise order on the unit square, similar to that given
in the discrete case, by constructing simultaneous parametrisations. Using topological dualities, we also determined the
properties of spatial congruences via this ordered topology on the unit square. Finally, we established the impossibility of
a complete characterisation via directed homotopy types.

My role. I began my doctorate by establishing the relationship between natural homotopy and composition pairings as
suggested my advisors. This led me to solve the problem of time-reversal and further enrich the theory of directed homotopy
by introducing the notion of relative natural homotopy, resulting in my first publication, namely [8]. Later, discussions with
my advisors led me to study links between persistent homology and natural homology, which led me to establish close
links between these theories [10]. The investigation of the congruences of binomial lattices and those of Q∨(I) in [13] was
a collaboration between Santocanale and I during my first post-doctoral position in the context of the LambdaComb ANR
project.
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4. TOPOLOGICAL APPROACHES TO DISTRIBUTED COMPUTING

Fault-tolerant distributed computing endeavours to design algorithms in which many different machines, each with a proper
local memory, interact via some method of communication in order to solve so-called decision tasks, in the presence of
crash-failures. It was shown by Fischer, Lynch and Paterson in 1985 [25] that even the primordial consensus task, in which
each machine starts with an initial value and must all end with the same final value, cannot be solved in the presence of a
single crash.

Since then, determining which kinds of tasks can be solved in a given model of communication, i.e. distributed com-
putability, has become an important question in the domain of distributed computing. As opposed to the sequential case,
distributed computability is not limited by computational power, but by the lack of global information. A given process
only knows its local value, and may have the same value in different communication scenarios, meaning that it cannot
distinguish between these possible worlds. This epistemic ambiguity creates an obstruction to task solvability. Since the
turn of the century, topological structures have been employed to encode these epistemic configurations and have led to
groundbreaking computability results, using, for example, connectivity arguments to prove impossibility results, or ideas
from topology to determine solvability of a given task [35].

0
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Input Complex

0
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0

1

Output Complex

4.1. The role of simplicial topology. While sequential program specifications relate input val-
ues to output values, their distributed counterpart, tasks, relate sets of input values to permitted
sets of output values. Many important communication models are wait-free, meaning that any
non-faulty process can eventually decide. In these models, any subset of values present in the
system also constitutes a valid configuration: sets of values are down-closed. Such down-closed
collections of sets have been widely studied in the fields of topology and combinatorics under the
name simplicial complexes. These structures generalise graphs, and can be thought of as spaces,
considering singleton sets {x} as points, sets {x, y} as lines connecting points, sets {x, y, z} as
triangles spanning three points, etc. Elements of a simplicial complex are called simplices.

Simplicial complexes thus encode the information present in the system. More importantly,
they capture the ambiguity of local knowledge via neighbourhoods: in the input complex above
to the right, when the red process has the value one, the lines connecting it to blue states with 0
and 1 encode the fact that the red process cannot distinguish between these two cases. Given a
such complexes I and O of input and output values, a task is a relation I×O which respects the
simplicial structure. By Currying, we can encode such a relation as a monotone map ∆ : I →
D(O), where D(O) is the set of subcomplexes of O, ordered by inclusion. For the consensus
task with two processes, the input and output complexes are pictured on the right. The task
specifies that if both processes start with 0 or 1, i.e. the horizontal edges, then they must decide
on that value, whereas if they start with distinct values, the vertical edges, then they can decide
either value.

A distributed protocol is interpreted similarly, and can be thought of as a transformation of the input complex, relating it
to the so-called view or protocol complex. Concretely, a protocol (π,P) consists of a (protocol) complex P and a (protocol)
map π : I → D(P), relating an input configuration to the configurations reachable therefrom under the action of the
protocol. The task (I,O, ∆) is solved by a protocol (π,P) if there exists a simplicial map δ : P → O, whose lifting δ∗
to subcomplexes makes the diagram weakly commute, i.e. δ∗(π(σ)) ⊆ ∆(σ) for all σ ∈ I. This means that the decision
map δ takes reachable states π(σ) from some input configuration σ to output configurations which are permitted by the
specification, i.e. are elements of ∆(σ). The figure below on the left represents this situation diagrammatically.
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∆
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;;
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The challenge is therefore to build the map δ, or disprove its existence,
thereby determining solvability. In particular, this depends on the topological
structure of the protocol complex. In the Immediate, Iterated Snapshot (IIS)
model, the protocol complex is a subdivision of the initial complex I, denoted
by B(I) [34]. Morally, this means that the topology of the protocol complex
is identical to that of the initial complex, the only difference being how much
information is encoded. The construction of δB can therefore be related to the
existence of a continuous map via simplicial approximation.

4.2. Continuity and computability. A classic example of the connection between topology and computer science relates
computability to continuity. Indeed, in computational analysis, one of the basic results is that every computable function,
in the sense of Turing machines, from R to R is in fact continuous [56, p. 6]. In other words, for a computable function, a
small change in the input will result in a small change in its output. A similar result in the domain of distributed computing,
for which Herlihy and Shavit won the Gödel prize in 2004 [34], relates distributive computability to the existence of a
continuous function:
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Theorem 1 (Asynchronous computability theorem (ACT) [34]). A task (I,O, ∆) can be solved by the Iterated Immediate
Snapshot protocol, if, and only if, there exists a continuous map |I |→ |O|.

where |C| denotes the geometric realisation of a complex C, i.e. its interpretation as a subspace of Rn made up of points,
lines, triangles, and their higher-dimensional analogs. In particular, this result shows that the consensus task described
above is not solvable by IIS, since the input complex is connected, while the output complex is disconnected.

Note that this topological characterisation applies only to IIS, but has been extended other models by establishing
simulations to IIS. For now, these simulations, i.e. ways of reducing one model to another, have only ad-hoc algorithmic
justifications, such as the extension to the asynchronous read-write model [34]. My goal in this field is to provide a deeper
conceptual understanding of the topological approach to distributed computing.

4.3. Spectral semantics. Working with Godard, we decided to first limit our investigation to colourless models and tasks,
i.e. those in which process identities are forgotten, and only values present in the system are encoded. Such protocols and
tasks are nonetheless important in distributed computing, the consensus task being an example thereof.

We remarked that the use of real topologies, such as the geometric realisation, produces Hausdorff topological spaces,
i.e. those in which points can be separated by neighbourhoods. As described above, simplicial complexes are useful in
describing distributed knowledge exactly because points cannot in general be separated by neighbourhoods. This indicated
the need for more general topologies to classify computability for general communication models.

As a first step, we have extended the ACT to a wider range of colourless round-based protocols [7]. We realised that
many of the known communication models, including IIS, can be encoded as endofunctors on the category sComp of
simplicial complexes. This led to an interpretation of a protocol as a pair (π,Π), where Π is an endofunctor on sComp
and π is a natural transformation, giving a protocol map πI : I → D(Π(I)) for every input complex I. Using Stone
duality, these maps can be “turned around”, yielding projection maps ρI : Π(I) → I. By naturality, we obtain a map
ρΠn(I) : Πn+1(I) → Πn(I) for every n ≥ 0. Together, these define a projective limit system, depicted below, which
results in a so-called spectral space. This construction defines a functor Π∞ taking input complexes to spectral spaces.
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oo Π2(I)ρ1

oo · · ·ρ2
oo Πn−1(I)

ρn−2
oo Πn(I)

ρn−1
oo · · ·ρn

oo

Π∞(I)

22
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· · ·

Spectral spaces are ordered topological spaces which can be thought of as infinitary refinements of ordered structures.
In this optic, the space Π∞(I) encodes the transformation of I under all possible infinite executions of the protocol. This
spectral space determines the distributed computability of the associated protocol, as expressed in the following theorem,
which is the main result we have thus far achieved, generalising the famous ACT. Indeed, we show that task-solvability is
equivalent to the existence of a spectral map, a continuous map which is also monotone with respect to the ordering:

Theorem 2 ([7]). A task (I,O, ∆) is solved by a protocol (π,Π) if, and only if, there exists a spectral map f : Π∞(I)→ O
compatible with ∆.

This first result of spectral semantics for distributed systems is a major step in the topological approach to distributed
computability. We believe that this newly established link to spectral topologies and duality theory has the potential to
transform research in the domain. Future directions for this line of research is described in my Research Project.

My role. I began studying distributed computability in my second post-doctoral position, working with Chalopin and
Godard in the context of the DUCAT ANR project. Inspired by the approach in [27] linking directed topological semantics
of concurrency to distributed computability, we began by studying interval orders, which were used as the formal bridge
between these two domains. The spectral approach was subsequently developed by Godard and myself, based on the
interplay between his intimate knowledge of distributed computing and my experience with categorical and topological
methods. This led to our collaboration in establishing the generalised ACT [7].
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